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A B S T R A C T

The surface quality is quite important for many mechanical products. An improper fixturing scheme (i.e.,
magnitudes of clamping forces and fixture layout) leads to undesirable deformation of the workpiece, which will
seriously affect the final quality of the machined surface, especially for the form accuracy. Current researches on
fixturing scheme optimization have been mainly focused on rigid workpieces and flexible workpieces, however,
seldom considered variable stiffness structure (VSS) workpieces. Besides, most existing fixturing scheme opti-
mization models are derived based on the finite element method (FEM), which demands considerable time for
computation. Therefore, there is a lack of an effective and efficient approach to improve the surface quality for
VSS workpieces by fixturing scheme optimization. To this end, a novel systematic approach based on elastic
mechanics is proposed in this paper. Firstly, a static cutting force model is developed to obtain the minimum
clamping forces needed to maintain the fixturing stability. Secondly, by dividing the VSS workpiece into three
kinds of characteristic regions, the analytical solutions of the elastic deformation induced by clamping forces are
derived using elasticity theory. Thirdly, the optimization model is solved by the genetic algorithm, so as to
minimize the maximum fixturing induced deformation of the surface to be machined. The effectiveness and
efficiency of the proposed approach are verified by a face milling experiment on a four-cylinder engine block,
and the final quality of the machined surface is improved by 9.1%.

1. Introduction

Continuous improvement in surface quality has become a major
priority, particularly for corporations engaged in precision manu-
facturing. The machined surface quality has always been critical for
satisfying the demands for superior performance, reliability, and dur-
ability [1]. The machined surface deviation is mainly caused by the
irregular deformation of the workpiece during fixturing and material
removing [2]. The machined surface quality is negatively related to the
workpiece deformation induced by different clamping forces and fix-
ture layouts [3]. Therefore, the choice of fixturing schemes, i.e., the
magnitudes of clamping forces and positions of fixture elements, has a
considerable impact on the final workpiece quality [4]. Current prac-
tices in fixturing scheme design, however, rely solely on the designer's
experience and conservative guidelines, rather than systematic analysis
[5]. Hence, it is an important yet urgent work for precision manu-
facturing industries to develop a systematic and scientific fixturing
scheme optimization approach, so as to improve the machined surface

quality.
According to the structure stiffness, common workpieces are divided

into flexible, rigid and variable stiffness structure (VSS) workpieces
[6,7]. The stiffness magnitudes of flexible workpieces such as sheet
metal, plates and beams are relatively low, whereas those of rigid
workpieces such as non-cavity solid castings are relatively high. Both of
flexible and rigid workpieces have uniform or slightly variable stiffness
magnitudes due to their simple physical structures. With the rapid de-
velopment of manufacturing industry, workpiece structures have been
increasingly complex, and the stiffness magnitude of workpieces varies
over a wide range. For instance, a four-cylinder engine block, made of
gray cast iron HT250, is a typical partial thin-walled VSS workpiece [8].
As depicted in Fig. 1, the wall thickness varies from 5.5mm to 75.5mm
[9] as the flexural stiffness varies from 234.87 Nm2 to 607537.41 Nm2

[10,11]. Whichever category a machining workpiece belongs to, an
appropriate approach for deformation analysis is definitely essential for
its fixturing scheme optimization. Most methods available for de-
formation analysis can be generally classified as numerical methods and
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analytical ones [12]. Due to the superior operability and applicability,
fixturing scheme optimization models based on numerical methods,
with the represent of finite element method (FEM), have been well
studied in recent few decades. However, most of the existing numerical
methods are computationally demanding [13]. Moreover, the numer-
ical calculation processes are in a black box [14], which means it is not
intuitive that how the deformation is calculated, and the physical in-
sights are limited [15]. In contrast, analytical methods with the re-
present of elastic mechanics analysis can overcome the above dis-
advantages.

For flexible workpieces, based on the “N-2-1” locating principle

dealing with fixturing scheme design for sheet metal, Cai and Hu [16]
presented an approach using FEM and nonlinear programming methods
to find the optimal number of locating points “N”, such that the total
deformation of the flexible sheet metal was minimized. Liu et al. [17]
proposed an accurate cutting force model along with a finite element
model to optimize the positions of the locators in peripheral milling of a
thin-walled workpiece. Chen et al. [18] established a multi-objective
model to reduce the degree of deformation induced by fixturing for a
hollow workpiece. The FEM was employed to analyze the deformation,
and a heuristic algorithm was developed to solve the optimization
model. Rai and Xirouchakis [19] presented a comprehensive FEM based
verification model and associated tools for milling process plan, and
predicted the thin wall deflections and elastic–plastic deformations of
workpiece during machining. Bellifa et al. [20] developed a novel first-
order shear deformation theory for bending and dynamic behaviors of
functionally graded plates. Based on the third-order shear deformation
beam theory, Ebrahimi and Barati [21] presented a Navier-type solu-
tion for the free vibration characteristics of functionally graded nano-
beams. Shan et al. [22] established the relationship between the milling
force and the tool inclination angle in ball-end milling by using the
theoretical and experimental methods. The effect of tool inclination
angle on both the milling forces and the elastic deformation of thin-
walled workpieces was analyzed by FEM, and the optimal tool in-
clination angle leading to the minimum milling forces and deformation
was found.

For rigid workpieces, Kaya and Ozturk [23] proposed a FEM based
workpiece-fixture layout verification approach with the application of
frictional contact and chip removal effects. By using kinematic analysis,
Carlson [24] derived a quadratic sensitivity equation considering the
relationship between position error in locators and the resulting dis-
placement of the rigid workpiece held by the fixture. Sadd [25] in-
vestigated plane stress non-homogeneous isotropic elasticity problems

Nomenclature

ap (mm) Axial cutting depth
fz (mm/tooth) Feed per tooth
(°) Helix angle of flank edge

Vs (rpm) Spindle speed
M Number of micro elements of each tooth
N Number of teeth

j l, (°) Radial immersion angle of the lth micro element of the
jth tooth = … = …j N l M( 1,2, ; 1,2, )

1,0 (°) Angular displacement of the bottom of the first tooth
st ; ex (°) Starting cut angle; exiting cut angle

Rc (mm) Ideal cutter radius
Kr ; Kt; Ka Radial, tangential and axial cutting parameter coefficients
Ax ; Ay; Az Corresponding undetermined coefficients
Bx ; By; Bz Substituting undetermined coefficients
Ksc Stress concentration coefficient
D (N·m2) Flexural stiffness of elastic plate
D x( ) (N·m2) Flexural stiffness of Span region along X-axis
Fx ; Fy; Fz (N) Cutting forces along X,Y, and Z axes
FA x, ; FA y, ; FA z, (N) Average cutting forces along X,Y, and Z axes
FC x, ; FC y, ; FC z, (N) Optimal clamping forces along X,Y, and Z axes

max; avg(MPa) Maximum normal stress; average normal stress
x ; y; xy Normal strain along X-axis; normal strain along Y-axis;

shear strain of mid-surface
x ; y; z (MPa) Normal stress along X,Y, and Z axes

u; v; w (mm) Displacements along X,Y, and Z axes
x ; y; xy Curvatures of mid-surface along X-axis; curvatures of mid-

surface along Y-axis; twist rate of mid-surface
a (mm) Length of engine block
b (mm) Width of engine block

d1 (mm) Distance from the first center line to front face
d2 (mm) Distance between two adjacent center line
d3 (mm) Length of Bridge region
H (mm) Height of engine block
Rb (mm) Radius of cylinder bore
AB (mm2)Top surface area of Bridge region
S Virtual plane
(mm) Distance between virtual plane to top surface

S Fitness weight function
pc Crossover probability
R Safety coefficient

dx ; dy; h (mm) Length, width and height of the micro element of
elastic plate

pm Mutation probability
gc Convergence generation
S0 (mm) Threshold of the maximum deformation
La; Lb (mm) Length and width of Span region
P External load function

Stress function
dB (mm) minimum distance from the origin to mass point of X-axis

with zero vertical displacement
dP (mm) Bias of external load
l x( ) Thickness function of Bridge region along X-axis
T (N·m) Balanced torque
Mt (N·m) Pre-tightening torque
Kt Pre-tightening coefficient
Db (mm) Diameter of the bolt
E(MPa) Elastic modulus

Poisson ratio

Fig. 1. Top view of a four-cylinder engine block.
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by presenting some simple solutions described in Cartesian coordinates.
By considering the parameters of milling and tool wear, Pimenov et al.
[26] proposed an analytical model of flatness deviation to determine
the angular compliance values of a face milling system. Wojciechowski
[27] investigated the machined surface roughness with respect to the
machining system dynamics for the monolithic torus milling process of
hardened steel. A surface roughness model was developed considering
the quantitative influence of cutting forces and cutter displacements,
which revealed a strong dependence of the real surface roughness
parameters on dynamic cutter displacements.

To this day, however, limited research works have been focused on
VSS workpieces. Based on computer-aided fixture design verification
(CAFDV) techniques, Kang et al. [28,29] introduced a comprehensive
framework using both geometric and kinetic models to verify the fix-
turing stability and locating accuracy. By using FEM, Liao and Hu
[30,31] proposed an integrated model of a fixture-workpiece system
considering fixture stability, verified by a case study of a V-type engine
block. Gong et al. [32] proposed a FEM based X-ray optics bending
mechanism design to suppress the surface errors by studying the me-
chanical state and the bending resolving power.

In summary, numerical methods for elastic deformation of work-
piece have been well studied even though there are several short-
comings that can be overcome by analytical methods, whereas pub-
lished analytical methods have been confined within the deformation
analyses of flexible and rigid workpieces. The shortage of analytical
methodologies for deformation calculation has imposed a significant
constraint on fixturing scheme optimization of VSS workpieces, which
will eventually influence the final quality of machined surfaces.

In this paper, a novel analytical approach based on elastic me-
chanics is proposed to optimize the fixturing schemes of VSS work-
pieces for surface quality improvement. The basic idea is to minimize
the clamping forces needed for stable fixturing by a static cutting force
model, and derive the analytical solution of the elastic deformation
induced by clamping forces using elasticity theory, and then solve the
optimization model by heuristic algorithms to minimize the total fix-
turing induced deformation of the surface to be machined. The genetic
algorithm (GA) is a stochastic, heuristic and robust optimization
method based on biological reproduction processes [33,34]. Since GA
only deals with the fixture design variables and fitness value of the
objective function for a specific fixturing scheme, no more auxiliary
information is required [35,36]. Hence, it is ideally suited to implement
GA for solving the fixturing scheme optimization problem.

The remainder of the paper is organized as follows. Section 2 shows
the specific procedures of the proposed approach, including force
analysis, elasticity analysis and the fixture layout optimization model.
In Section 3, the effectiveness and efficiency of the proposed approach
is demonstrated by a machining experiment on a type of four-cylinder
engine block called B12, and the experimental results from the opti-
mized scheme are compared with those from the initial scheme. A FEM-
based simulation of the machining process is presented as well. Section
4 is devoted to the conclusion from this study.

2. The proposed approach

The framework of the proposed approach is shown in Fig. 2, and the
main steps of this approach are described as follows.

Step 1: Develop an exponential instantaneous model of static cutting
force in face milling process, in order to calculate the minimum
magnitudes of clamping forces needed for maintaining the physical
stability of the machining system.
Step 2: Analyze the fixturing induced deformation of the top surface
of a typical VSS workpiece. Based on the superposition principle
[37], a division strategy is implemented to divide the VSS elastomer
into three different kinds of characteristic regions denoted by Pier,
Span and Bridge respectively. According to the classical 3-2-1

locating principle, when a single clamping force is perpendicularly
loaded on the flank of a Pier or a Span region, the analytical solu-
tions of deformation and section stress field are derived using elastic
mechanics. The deformation of a Bridge region is calculated by
taking the stress field of Pier-Bridge section as the input load. Each
region is analyzed individually and the top surface displacement
fields of each region are superimposed as the total deformation of
the top surface induced by fixturing.
Step 3: Build the fixturing scheme optimization model for VSS
workpieces. The objective is to minimize the flatness of the top
surface after fixturing but before machining. The main constraints
are fixturing stability and practical operation feasibility. Since the
relationship between fixturing scheme and fixturing induced surface
deformation is quite complex, which makes this problem a nonlinear
programming, GA is employed to solve this optimization model.

2.1. Force analysis

The primary function of a fixture is to keep the workpiece in the
desired position and orientation during the manufacturing process [12].
Force analysis is concerned with checking that the forces applied by the
fixtures are sufficient to maintain static equilibrium of the workpiece in
the presence of cutting forces. This study is mainly focused on the face
milling process, one of the most commonly used surface machining
processes in manufacturing industry. Material removal is a complex
dynamic process due to periodic forced vibrations [38,39]. Never-
theless, once the frequency of cutting forces, i.e. the cutting tooth
passing frequency [40,41], is far away from each one of the chatter
frequencies of the fixture-workpiece system, the impact of forced vi-
brations on the final quality of a machined surface is quite minor and
thus negligible [31]. Moreover, Hence, a static cutting force model for
face milling process is derived to determine the minimum magnitudes
of clamping forces.

Fig. 2. Framework of the proposed approach.
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2.1.1. Static cutting force model
In general cases, the milling system can be simplified to a two-de-

gree-of-freedom vibration systems [42] as shown in Fig. 3(a). Therein,
st is the starting cut angle while ex is the exiting cut angle. Supposing
that there are a total of N teeth on the milling cutter and the cutting
edge of each tooth is divided into M micro elements, for the lth micro
element of the cutting edge of jth tooth engaged with the workpiece,
the radial immersion angle [42] is denoted as

= + +j
N

a l
MR

2 ( 1) tan
j l, 1,0

p

c (1)

where 1,0 , β and Rc denote angular displacement of the bottom of the
first cutting edge, axial cutting depth, helix angle of the flank edge and
the ideal cutter radius respectively, for =j N1,2, ... and =l M1,2, ... .

As illustrated in Fig. 3(b), the cutting force on the micro element dF
can be decomposed into three mutually perpendicular components, i.e.
the axial, radial and tangential force, denoted by dFa, dFr and dFt, re-
spectively.

Superimposing the force components on all cutting edges engaged
with the workpiece after coordinate transformation, yields

=

=

=

= =

= =

= =

F dF dF

F dF dF

F dF

[ cos sin ]

[ sin cos ]

x j
N

l
M

t j l j l r j l j l

y j
N

l
M

t j l j l r j l j l

z j
N

l
M

a j l

1 1 , , , , , ,

1 1 , , , , , ,

1 1 , , (2)

For the exponential instantaneous model [43,44], during each
round of the milling cutter, the average cutting force components along
the X, Y, and Z axes can be calculated by

=

=

=

F K f d

F K f d

F K f d

(sin )

(sin )

(sin )

A x
a N

r z
A A

A y
a N

t z
A A

A z
a N

a z
A A

, 2
1

, 2
1

, 2

p x

st

ex
x

p y

st

ex
y

p z

st

ex
z

(3)

where Kr , Kt and Kadenote the radial, tangential and axial cutting
parameter coefficients respectively while Ax , Ayand Az are the corre-
sponding undetermined coefficients, and fz is the feed per tooth.

By taking the logarithm on both sides of Eq. (3), it can be derived
that

= +
F
a N

A f Bln lnA q

p
q z q

,

(4)

=

=

=

+

+

K

K

K

r
e

d

t
e

d

a
e

d

2
(sin )

2
(sin )

2
(sin )

Bx

st
ex Ax

By

st
ex Ay

Bz

st
ex Az

1

1

(5)

where Bq, for =q x y z, , , is another group of undetermined coefficients
substituting Kr , Kt and Ka. Since Eq. (4) is obviously a group of linear
equations, both Aq and Bq can be obtained by the least square method
[45] through multiple sets of experimental tests of cutting forces using
different machining parameters. Thus, the average cutting force com-
ponents along each axis can be calculated by Eq. (3) respectively.

2.1.2. Equilibrium conditions
The main purpose of a fixturing scheme is to accurately locate,

adequately support, and properly constrain the workpiece during ma-
chining. This purpose can be achieved by strategically placing fixture
elements i.e. locator pins, supports and clamps, around the workpiece
and applying the clamping forces with appropriate magnitude.
Excessive clamping forces result in unnecessary deformation and poor
machining quality of workpieces, whereas insufficient ones cannot sa-
tisfy the fixturing stability that could lead to dangerous accidents.
Hence, it is necessary to scientifically determine the magnitudes of the
clamping forces. As for conventional practice in fixturing scheme de-
sign, the magnitudes of the clamping forces are artificially estimated
mainly based on the experience of similar types of fixture [46]. In this
paper, by regarding the workpiece-fixture as an integrated system, the
static equilibrium conditions for fixturing stability are analyzed and
calculated. In order to make the clamping reliable, the calculated the-
oretical magnitudes of clamping forces just satisfying the equilibrium
conditions should be multiplied by a safety coefficient R, which gen-
erally ranges from 2.5 to 3 for roughing [47] while from 1.5 to 2 for
finishing [48,49]. It can be formulated as follows.

=F FC q R A q, , (6)

The clamping force along each direction is provided by the trans-
mission rod of a clamping chuck device. For instance, a chuck device
with three different clamps is shown in Fig. 4, supposing that the

Fig. 3. Cutting force modeling for milling process.
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coordinates of these three clamps are x y( , , 0)1 1 , x y( , , 0)2 2 and x y( , , 0)3 3
respectively, w.r.t. the three-dimensional Cartesian coordinate system
(CCS) O X Y ZC C C C. Thus according to the static equilibrium conditions,
the force distribution of each clamps can be obtained by solving the
following equation set.

= + +
+ =

=

F F F F
F x F x F x
F y F y F y

0
0

C C C C

C C C

C C C

1 2 3

1 1 2 2 3 3

1 1 2 2 3 3 (7)

Analogously, the clamping force distribution of other chuck devices

with two or four clamps can be calculated as well. The optimized
clamping forces will be the load input of the elasticity analysis model
and therefore play an important role in the proposed approach.

2.2. Elasticity analysis

For VSS workpieces, the fixturing induced deformation is hard yet
important to analyze. With a simplified four-cylinder engine block as a
typical example of VSS workpieces, a novel systematic model based on
elastic mechanics is derived for deformation analysis and related ana-
lytical solutions are given in this study. Since the fixturing induced
plastic deformation is negligible [12,29], the deformation appearing in
the following text is deemed as elastic unless otherwise stated.

2.2.1. Region division
When a VSS workpiece is loaded with different clamping forces

during fixturing before the machining process, the deformation will be
irregular and complicated for analysis and control due to the variable
stiffness, which is unfavorable for the machined surface quality.
Unfortunately, it is practically impossible to analytically calculate the
displacement field for a VSS workpiece as a whole. Thus, a region di-
vision strategy based on elastic mechanics is proposed in this paper.

Taking a four-cylinder engine block as an example, this paper is
mainly focused on fixturing scheme optimization for the face milling
process with a 3-2-1 locating principle. Constrained by practical pro-
cessing conditions, the positions of locator-clamp pairs on the sec-
ondary and tertiary locating datum planes are hardly changeable. In
other words, fixture layout optimization is concentrated on the primary
locating datum plane and its opposite plane, containing three pairs of
locator-clamp. One of the most prominent geometric features of an

Fig. 4. Force distribution of the clamping chuck device.

Fig. 5. Region division of a simplified four-cylinder engine block.
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engine block is that it contains multiple closely spaced cylinder bores
resulting in significant and continuous variation in wall thickness. In
the case of isotropic elastic modulus of material, both flexural and
compressive stiffness are directly dependent on wall thickness of the
workpiece, and that is how the variable stiffness structure forms. For a
simplified engine block retaining its most important geometric features
(see Fig. 5), it is divided into seven numbered regions by two parallel
sections denoted by Section I and II respectively, where dj (for =j 1,2,3)
are all given distance parameters while a b H, , and Rbdonate the
length, width, height of the engine block and the radius of the cylinder
bore respectively.

Suppose that three clamping forces are perpendicularly loaded on
the flank of region 1 while the flank of region 2 is contacting with three
corresponding locators. Based on the stiffness features, these two re-
gions can be further subdivided into several sub-regions, termed as
Span regions and Pier regions respectively. The remaining regions from
3 to 7 are termed as Bridge regions. Since the applying position of a
clamping force belongs to the flank of either a Span region or a Pier
region, the deformation of these two kinds of regions induced by each
single force is calculated individually using elastic mechanics, while the
deformation of Bridge regions is calculated based on the elasticity
analysis of Span and Pier regions. According to the superposition
principle, the displacement fields of each region can be superposed as
the final displacement field after fixturing. Of note is that the de-
formation of a VSS workpiece with other geometric features and lo-
cating principles can be calculated by an elasticity analysis model akin
to the proposed one as well, which, however, is not within the scope of
this paper.

2.2.2. Span region
It is the main difference between the classic elastic plate with uni-

form thickness and the Span region that the flexure stiffness of elas-
tomer is constant or not. Thus, the Span region can be deemed as an
elastic plate with variable stiffness. When a clamping force is perpen-
dicularly loaded on the flank of a Span region connecting with two
adjacent Pier regions (see Fig. 6), termed as a Pier-Span-Pier system, the
deformation and stress field should be calculated within this system.
The physical geometry of the system is discontinuous due to the portion
of cylinder bore in Span region, therefore the localized stress will be
high in the Pier-Bridge sections. This phenomenon is academically
called stress concentration [50,51] and generally formulated as

=Ksc
max

avg (8)

where K ,sc max and avg refer to the stress concentration coefficient,
the maximum normal stress and the average normal stress respectively.
For a specific physical structure, Ksc is a constant which can be obtained
by photo-physical experiments or empirical formulas [52].

An elastic micro element of elastic plate is shown in Fig. 7, where
dx, dy and h denote the length, width and height of the micro element
respectively.

According to Ref. [37], the internal moment of this micro element is
given by

= = + = +

= = + = +

= = =

( )
( )

M zdz D D

M zdz D D

M zdz D D

( )

( )

(1 ) (1 )

x
h

x
w

x
w

y x y

y
h

y
w

y
w

x y x

xy
h

xy
w

x y xy

2

2

2

h

h

h

2

2
2

2
2

2

2
2

2
2

2

2

(9)

where D is the flexural stiffness defined as

=D Eh
12(1 )

3

2 (10)

Denoting the external load function as q x y( , ), the deflection

equation can be represented as

+ + =w
x

w
x y

w
y

q
D

2
4

4

4

2 2

4

4 (11)

The boundary conditions for a single Span region can be formulated
as

= = =
= = =

w x L
M M y L

0, 0 for 0,
0, 0 for 0,

w
x a

y yx b

2
2

(12)

where =L R d4a b
2

3
2 and =L Hb are the length and width of the

Span region respectively and both known constants.
Using the properties of the double trigonometric series [53,54],

under the premise of satisfying the boundary conditions given by Eq.
(12), the double trigonometric series expansion is applied to the de-
flectionw x y( , )and the external loadq x y( , )respectively, and eventually
the analytical solution to the deflection is obtained in the form of a
function of the given load.

=
= =

w x y A m x
L

n y
L

( , ) sin sin
m n

mn
a b1 1 (13)

=
= =

q x y C m x
L

n y
L

( , ) sin sin
m n

mn
a b1 1 (14)

where Amn and Cmn are two undetermined coefficients and both of them
can be obtained by the following procedures.

Substituting Eq. (13) into Eq. (11), yields

+ =
= =

D m
L

n
L

A m x
L

n y
L

q x ysin sin ( , )
m n a b

mn
a b

4

1 1

2

2

2

2

2

(15)

The orthogonality of trigonometric functions is formulated as.

=
=

m x
L

m x
L

dx
m m
m m

sin sin
0 for

for

L

a a
L0

2

2

a

a
(16)

Multiplying both sides of Eq. (14) by sin sinm x
L

n y
La b
, and integrating

in L[0, ]a and L[0, ]b w.r.t. x and y respectively, yields

=q x y m x
L

n y
L

dxdy L L C( , )sin sin
4

L L

a b

a b
mn0 0

b a

(17)

It can be derived that

=C
L L

q x y m x
L

n y
L

dxdy4 ( , )sin sinmn
a b

L L

a b0 0

b a

(18)

Substituting Eq. (18) into Eq. (14), and then substituting the new
equation into Eq. (15), the deflection function can be further for-
mulated as

Fig. 6. The Pier-Span-Pier system loaded with a perpendicular clamping force.
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= =

= =

m
L

n
L

A m x
L

n y
L

B m x
L

n y
L

sin sin

sin sin

m n a b
mn

a b
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mn
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Therein, Bmn is another coefficient given by

=B
DL L

q x y m x
L

n y
L

dxdy4 ( , )sin sinmn
a b

L L

a b
4 0 0

b a

(20)

For any < < < <x y x L y L{( , )|0 , 0 }a b , to ensure Eq. (19) always
holds, coefficients of the trigonometric series on both sides of Eq. (19)
should be correspondingly equal, thus
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Substituting Eq. (21) into Eq. (13), yields
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When a concentrated clamping force Fc, as a special case of external
load, is perpendicularly exerted on the point Ps whose coordinates
are( , , 0)w.r.t. the CCSO X Y ZS S S S, the deflection can be rewritten as
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Since the thickness of a Span regionh x( )varies continuously along
the X-axis direction, it can be formulated as

=h x b R L x( )
2 2b

a2
2

(24)

The flexural stiffness D(x) is consequently derived as

=D x E b R L x( )
12(1 ) 2 2b

a
2

2
2 3

(25)

Hence, the analytical solution to the deflection function of the Span
region is formulated as
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Example I. . An example is given in order to illustrate the proposed
approach to calculating the fixturing induced deformation of the Span
region before the machining process. A concentrated clamping force Fc
known as 150 N, is perpendicularly exerted on a point of the flank of a
Span region, namely, Ps (20, 170, 0) w.r.t. the local CCSO X Y ZS S S S.
Supposing the material of the workpiece is the gray cast iron HT250,
dimensions of the Span region and necessary information of material
are given in Table 1.

According to Eq. (26), the deflection w of the Span region is cal-
culated as

Fig. 7. Illustration of the micro element of elastic plate.

Fig. 8. Displacement field of the flank of a Span region loaded with a perpendicular concentrated force calculated by the double trigonometric series method.
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Through the MATLAB programming procedure, the displacement
field is obtained as shown in Fig. 8. When the superposition times ex-
ceed 15, i.e. both m and n are larger than 15, the displacement field
remains approximately constant, which demonstrates the fast con-
vergence of the double trigonometric series method for elasticity ana-
lysis of the Span region. The maximum deformation induced by the
clamping force in this example is 0.020mm.

2.2.3. Pier region
The Pier region is the only one of the three types of regions that does

not need to consider the effect of variable stiffness, and its compressive
stiffness is relatively large. Nevertheless, the elastic analysis of this
region is still important. The reasons are described as follows. On the
one hand, the top surface of a Pier region is an indispensable part of
that of an engine block, which is the object of face milling. The fixturing
induced deformation of the Pier region will influence the surface
quality after face milling process. On the other hand, the Pier region is
directly connected to the Bridge region. The analysis of the stress field
in the Pier region is the basis for deriving the analytical solution to the
stress on the Pier-Bridge section, which is an important part of the input
for elastic analysis of the Bridge region.

In this paper, the elasticity analysis of Pier region is deemed as an
extension of the semi-infinite elastomer problem, taking the actual
physical boundaries into consideration. An elastic semi-infinite space
(see Fig. 9) can be defined as < < +x y z x y z{( , , ) , , 0}, w.r.t.
the local CCSO X Y ZP P P P.

Considering a clamping force is perpendicularly exerted on the flank
of a Pier region, within a certain range, this problem can be equivalent
to elasticity analysis of the elastic semi-infinite space whose boundary is
loaded with a normal concentrated force, in other words, the classic
Boussinesq problem [55,56]. Taking the force applying point as the
origin, the analytical solution to the stress field in polar coordinate form
[56] is given by Eq. (27).

=

=

=

=

+

+

r
F

R R z
zr
R

F z
R R R z

r
F z

R

rz
F rz

R

2
1 2
( )

3

(1 2 )
2

1
( )

3
2
3
2

c

c

c

c

2
5

3

3
5

2
5 (27)

And the displacement field is given as well.
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where R denotes the spatial distance between an arbitrary mass point of
the elastic semi-infinite space and the force applying position, and r
denotes the projection distance along the rp-axis direction.

Since inconsistent coordinates will bring unnecessary difficulties to
subsequent derivation, the coordinate transformation method is em-
ployed to deal with this problem. As shown in Table 2, the transfor-
mation coefficient matrix is used to transform the elastic mechanics
analytical solutions in polar coordinate form into the ones in Cartesian
form.

By coordinate transformation, the normal stress field can be for-
mulated as

= +
= +
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Substituting Eq. (27) into Eq. (29), yields
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One of the basic properties of polar coordinates can be formulated
as

=
=
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Substituting Eq. (31) into Eq. (30), yields
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Analogously, the displacement field in Cartesian form can be cal-
culated by

Fig. 9. The elastic semi-infinite space and coordinate transformation.
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Denoting the coordinates of an arbitrary mass point of the work-
piece w.r.t. the local and global CCSs
as =M x y z[ ] ( , , )Tand =M x y z[ ] ( , , )Trespectively, by homogeneous
coordinate transformation, it can be derived that

= +M M
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1 0 0
0 1 0

[ ]
c
c

c (34)

which can be rewritten as

=
x
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y y

c

c

c (35)

where x y z( , , )c c c denotes the coordinates of the force applying point
w.r.t. the global CCS.

Note that the assumption about the elastic semi-infinite space is not
entirely suitable for the Pier region because there are two finite
boundaries, the top and bottom surfaces. The elastic mechanics based
analytical solution to deformation of top surface, which is to be ma-
chined in the following processes, will be distort due to the finite
boundaries. To overcome this disadvantage, a virtual plane method is
proposed. As shown in Fig. 10, the virtual planeS is defined by the
parameterλ( < < H z0 ) that refers to the distance between the top
surface and the virtual plane.

Since this paper is focused on the machining quality improvement of
the top surface, calculation accuracy of the bottom surface is relatively
non-critical. Moreover, the other three boundaries are all sections,
consisting of two Pier-Span sections and one Pier-Bridge section.
Therefore, the part of a Pier region belowS can be viewed as an elastic
semi-infinite space, while the rest part can be viewed as an elastic plate
loaded with an arbitrary load from the virtual plane. Consequently, the
stress and displacement field belowS can be calculated by Eq. (32) and

Eq. (33) respectively. Taking the stress on the virtual plane as the input
load function, the mid-surface deflection of the part aboveS can be
calculated by Eq. (22).

Example II. . An example is given in order to illustrate the proposed
approach to calculating the fixturing induced deformation of the Pier
region before the machining process. A concentrated clamping force Fc
known as 130 N, is perpendicularly exerted on a point of the flank of a
Pier region, namely, PP (86, 0, 195) w.r.t. the global CCS OXYZ. A local
CCSO X Y ZP P P Pis established and PP is taken as the origin. According to
Eq. (35), the global coordinates (x’, y’, z’) of an arbitrary mass point in
the Pier region can be transformed into the local one by =x z 195

=y x 86, and =z y . Since the Boussinesq condition is satisfied if and
only if the mass point is below the virtual planeS , the calculation
accuracy is dependent on the value of the parameter λ. The height of
the VSS workpiece is known as H= 236mm, therefore λ should be less
than =H z 41mm to ensureS is beyond the force applying position,
i.e.λ ranges from 0 to 41mm. To determine an appropriate value of λ, a
sensitivity analysis is implemented based on the comparison between
the proposed analytical solutions of the displacement field with
different values of λ and corresponding results given by FEM. As
shown in Fig. 11, the parameter Delta denotes the absolute percentage
of the deviation between the proposed analytical solutions and the
FEM-based numerical solutions. It is found that as λ grows from 0, Delta
decreases sharply at first, and then enters the trough when λ reaches
about 10mm, and finally increases gently till λ approached to the upper
bound, for both the maximum and the average deformation.

Therefore, λ is set to 11mm and the deviation from the conven-
tional FEM-based numerical results is within 10%, which is acceptable
in this paper. By Eq. (32), the stress field of the Pier region belowS can
be calculated, which becomes the load input of Eq. (22) so as to cal-
culate the deflection of the Pier region aboveS , and finally the dis-
placement field of the top surface is obtained, shown as Fig. 12. The
maximum deformation induced by the clamping force in this example is
0.016mm.

2.2.4. Bridge region
As the most representative instance for the variable stiffness struc-

ture, the Bridge region has the following properties. Firstly, there is no
external load directly exerted on the Bridge region and therefore the
deformation is depended on loading condition on the Pier-Bridge sec-
tion. Secondly, loading condition on the Pier-Bridge section is equal in
magnitude and opposite in direction to the stress field obtained in

Table 1
Dimensions of the Span region and material information for Example I.

Symbol Explanation Value

La Length of the Span region 64mm
Lb Width of the Span region 236mm
b Width of the engine block 108mm
Rb Radius of the cylinder bore 35mm
E Elastic modulus of HT250 140 GPa

Poisson ratio of HT250 0.27

Table 2
Transformation coefficient matrix of polar and local Cartesian coordinate sys-
tems.

Coordinate axis r θ Z

XP cos sin 0
YP sin cos 0
ZP 0 0 1

Fig. 10. Elasticity analysis of the Pier region using virtual plane.
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elasticity analysis of Span and Pier regions. Last but not least, analogous
to the equivalent treatment of the Span region, the Bridge region can be
deemed as a semi-infinite elastic sheet with variable stiffness.

For a semi-infinite elastic sheet with unit width (see Fig. 13), in two-
dimensional polar coordinate form, the basic equations for elasticity
analysis given by Ref. [37] are shown as follows.

The static equilibrium equations are

+ + =

+ + =

0

0
r r r

r r r
2

r r r

r r
(36)

The strain-displacement relationship can be formulated as
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The elastic constitutive equations are formulated as
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The stress components can be expressed by stress function as fol-
lows.
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Given that = r sinP , based on Eq. (39), a basic solution to
stress field can be derived as

=
= = 0

r
P

r

r

2 cos

(40)

where P is the uniformly distributed load perpendicularly exerted on
the straight boundary of an elastic sheet with unit width.

This basic solution satisfies Eq. (36), and it satisfies the boundary
conditions of the straight boundary as well. That is, there is no other
external load on the straight boundary except for =r 0, which can be
formulated as

=
= =

=

= =

0
0

r r

r

, 02

2 2 (41)

Taking the load applying position as the center, for a cylindrical
surface with an arbitrary radius denoted by r, the resultant force of the
cylindrical surface is balanced by P. That is,

Fig. 11. Sensitivity analysis of the value of λ

Fig. 12. Displacement field of the top surface of a Pier region with a perpen-
dicular concentrated force loaded on its flank.

Fig. 13. Elasticity analysis of a semi-infinite elastic sheet under the uniformly
distributed load exerted on its straight boundary in two-dimensional polar co-
ordinate form.
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=r d P2 cosr0
2

(42)

It can be proved that the basic stress solution given by Eq. (40)
satisfies this constraint as well. Hence, Eq. (40) is the exact stress so-
lution to elasticity analysis of the semi-infinite elastic sheet under the
uniformly distributed load exerted on its straight boundary. And the
deformation solution can be calculated by

=

= + +

u d r

v r d

[2(ln ln )cos (1 ) sin ]

[2( ln ln )sin (1 )(sin cos )]

P
E B

P
E B (43)

wheredBdenotes the minimum distance between the origin and the mass
point of X-axis whose vertical displacement is equal to 0. The detailed
derivation can be found in Appendix A.

As for the Bridge region (see Fig. 14), however, due to stress con-
centration and different applying positons of clamping forces, there is a
strong possibility that stress load exerted on the Pier-Bridge section is
non-coplanar with the middle surface of the Bridge region. According to
the Saint-Venant theorem [37], the stress load can be approximate to a
biased concentrated force P, and then equivalent to a parallel con-
centrated forceP and a corresponding balanced torque T composed of P
andP . The magnitude ofP is same with that of P andP is coplanar with
the middle surface of the Bridge region. Denoting the bias of P asdP,
yields =T PdP .

The analytical solutions given by Eq. (40) and Eq. (43) are both two-
dimensional and feasible only under the assumption that the sheet
thickness is equal to 1 unit, which is not applicable for the Bridge re-
gion. The thickness of the Bridge region l(x) is actually a continuous
function of variable x, formulated as

=l x d R d x( )
2 2b
2 2 3

2

(44)

Thus the effect of the variable stiffness should be considered and the
previous solutions need to be modified and extended.

Induced by the torque T, the deflection of the mid-surface can be
calculated by

=w R d x R d
2 2c

2 3
2

c
2 3

2

(45)

whereRcdenotes the curvature radius and is given by =R E l x
Pdc

( ( ))
12 P

3
.

It can be seen that the horizontal section area of the Bridge region
varies with the variable x, whereas the longitudinal section area keeps
constant. Therefore, the actual compressive stiffness along the XB-axis
and YB-axis the can be formulated as =K EHl x( )x and =K EAy B re-
spectively, where AB is a known constant referring to the area of the top
surface of Bridge region. In order to conform to the assumption of
elastic sheet with unit width, i.e., =K E Hx x and =K E dy y 3, two mod-
ified elastic moduli, =E El x( )x and =E Ey

A
d

B
3
, are proposed. Thus, by

modifying Eq. (43) and integrating with Eq. (45), the three-dimensional
displacement field of the Bridge region can be calculated by
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Example III. . An example is given in order to illustrate the proposed
approach to calculating the fixturing induced deformation of the Bridge
Span region before the machining process. The analytical solutions to
stress fields of the Span and Pier regions are superposed as the load
input of the elasticity analysis. Due to the stress concentration on the
edges of the Pier-Bridge section (see Fig. 15), according to Eq. (8), the
biased vertical concentrated force P can be calculated

by =P K dydz
Hlsc (0)

x . The bias of P is known as =d l0.5 (0)P .

Therefore, given the stress concentration coefficient Ksc equals to
3.2, the displacement field of the top surface of the Bridge can be cal-
culated by Eq. (46), as shown in Fig. 16. The maximum deformation
induced by the clamping force in this example is 0.022mm.

2.3. Fixture layout optimization model

After completion of elasticity analysis of three types of regions, the
fixturing induced deformation of the VSS workpiece is available, which
provides access to possibility of effective and efficient fitness calcula-
tion for fixture layout optimization. For a VSS workpiece, a poor choice
of fixture layout can lead to undesirable deformation during fixturing,
consequently resulting in low dimensional or form accuracy after ma-
chining. Hence, it is necessary to propose an appropriate model for
fixture layout optimization.

2.3.1. Objective and constraints
The ultimate goal of this study is to improve the quality of the

machined surface of the workpiece. Due to the elastic deformation re-
covery during fixture unloading after machining (see Fig. 17), the fix-
turing induced deformation effects mainly on the form accuracy,
especially for the flatness of the machined surface.

It can be seen that the larger the maximum fixturing induced de-
formation is, the poorer the final surface quality will be. In other words,
the main objective of this optimization model is to minimize the max-
imum fixturing induced deformation, so that the global flatness of the
top surface after face milling is improved. Therefore, the objective
function is given as

Smin (X) (47)

where X=[L1, L2, …, L6, C1, C2, …, C6]T denotes the fixture layout
with a 3-2-1 locating principle, composed of six positions of locators
and six positions of clamps. Once given a certain set of machining
parameters such as axial cutting depth and feed per tooth, the corre-
sponding optimal magnitudes of clamping forces are determined by X,
thus S(X) is a function merely involving X, referring to the maximum
absolute value of displacement of the top surface.

Important constraints in fixture layout design are summarized as

Fig. 14. Elasticity analysis of the Bridge region with the Saint-Venant theorem.
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follows.
Constraint 1: The fixture elements should not interfere with the

desired tool path, i.e., the proposed fixture layout should not hamper
features being machined. Thus the number of locator-clamp pairs per-
pendicular to the tool path should be as few as possible, which is set to
1 in this study.

Constraint 2: There should be corresponding faces or features on the
workpiece, meeting a certain level of quality requirements for fixture
elements to contact with them. It means that not all positions on the
workpiece are suitable for supporting, locating, or clamping, which has
significantly reduced the feasible domain of this problem.

Constraint 3: The position and orientation of the workpiece w.r.t.
expected datum planes should be precisely specified by the fixture
layout, the degree of freedom of the workpiece being completely con-
strained. And of course, over-locating should be avoided as well.

2.3.2. Computation rules for GA
Since the optimization model is nonlinear and complex, GA is em-

ployed to solve it. According to the general procedures of GA, several
computation rules are proposed as follows.

Rule 1: Fitness computation. Since excessive deformation is un-
desirable and meaningless to fixture layout optimization, a
threshold of the maximum deformation denoted by S0 is proposed.
Once the maximum deformation exceeds the threshold, fitness is
immediately set to 0. For a certain fixture layout, the fitness can be
calculated by

= <S S S Sfitness ( )
0 else

S 0 0

(48)

where Sis the fitness weight function of S, providing nonlinear varia-
tion for fitness weight if needed, and it can be set to a constant as well.

Rule 2: Selection, crossover and mutation. In order to increase ro-
bustness of the method, a roulette-wheel selection algorithm [57] is
implemented. Two chromosomes are randomly selected based on
the cumulative distribution function of fitness, instead of simply
selected by maximum fitness, as the objects for crossover and

Fig. 15. The stress concentration on the edges of the Pier-Bridge section.

Fig. 16. Displacement field of the top surface of a Bridge region with the stress concentration on the edges of the Pier-Bridge section.

Fig. 17. The effect of elastic deforma-
tion recovery on final form accuracy.

Fig. 18. A four-cylinder block of B12 engine.
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mutation. The crossover probability is set to a constant, whereas the
mutation probability is a piecewise increasing function of genera-
tions, so as to improve the ability to escape from the local optimal
solutions.
Rule 3: Stopping criteria. The iteration will be stopped if and only if
the maximum fitness is continuously maintained at a certain level
for a given number of generations, and then the GA employed in this
study is deemed to converge to the global optimal solution.

3. Case study

In this case, a four-cylinder block of B12 engine (see Fig. 18) is used
to validate the performance of the proposed approach on fixturing
scheme optimization of VSS workpieces for surface quality improve-
ment. In the assembly process, the top surface of cylinder block contacts

with one side of the gasket directly, and the other side of the gasket
contacts with the cylinder head. Thus, the top surface quality, espe-
cially for the form accuracy, will influence the sealing performance and
reliability of the engine.

The top surface is finished by the face milling process with a 3-2-1
locating principle. However, the current fixturing scheme relies merely
on the experience of the engineers, which has a considerable space to
improve. Therefore, this case is focused on form accuracy improvement
of the top surface in the face milling process by fixturing scheme op-
timization.

The predefined parameters used in this case are shown in Table 3.

3.1. Milling force measurement

In order to obtain the undetermined coefficients Aq and Bq of the
static cutting force model by Eq. (4), an experiment design consisting of
nine sets of different machining parameters is implemented. And the
designed machining parameters are given by Table 4 in detail. Since the
spindle speed Vs is not explicitly contained in the proposed static cut-
ting force model, it is fixed to 400 rounds per minute (rpm) in this case.

The experiment of milling force measurement is conducted within a
DMGeHSCe75 computer numerical control (CNC) machining center
(see Fig. 19 (a)). With nine sets of different machining parameters, a
series of face milling processes are performed on a quarter of the B12
engine block. The milling force components are measured by 9027C
type Kistler three-component dynamometer. Specifically, the milling
force signal is detected by the acceleration sensors embedded in the
vise, and then transmitted by the sensor cable (see Fig. 19 (b)), and at
last amplified and collected by the signal acquisition device (see Fig. 19
(c)). The sampling period is 30 s.

As shown in Fig. 20, the raw signal is processed by a 2-order low
pass filter and intercepted by 8 s as the stable milling stage. The lower
edge frequency of the filter is 50 Hz while the higher one is 100 Hz.

It can be seen that there are two peaks and one trough in the wa-
veform of each signal segment, indicating that the milling force mag-
nitude rises when the milling cutter contacts with the Pier and Bridge
regions, and declines when the milling cutter contacts with the Span
regions. The fluctuation of the milling force magnitude conforms to the
variation of radial cutting depth, which is determined by the geometric
features of the VSS workpiece. In terms of the quarter of the B12 engine
block used in this experiment, the major geometric feature is the cy-
linder bore. Therefore, the measurement results are reasonable.

By calculating the average magnitude of milling forces along each
coordinate axis for different machining parameters, and least square
fitting of Eq. (4), the undetermined coefficients of the static cutting
force model are available, as shown in Table 5.

This experiment of milling force measurement has provided an ac-
cess to calculate the undetermined coefficients of the static cutting force

Table 3
The predefined parameters in the case study.

Symbol Explanation Value

a Length of the engine block 326.5mm
b Width of the engine block 108mm
H Height of the engine block 236mm
d1 Distance from the first center line to the front face 51mm
d2 Distance between two adjacent center line 75.5mm
d3 Length of the Bridge region 30mm
Rb Radius of the cylinder bore 35mm
AB Top surface area of the Bridge region 47.37mm2

R Safety coefficient for clamping force 1.7
Ksc Stress concentration coefficient 3.2
λ Distance between the virtual plane to the top surface 11mm
S0 Threshold of the maximum deformation 0.03mm

S Fitness weight function 104

pc Crossover probability 0.9
pm Mutation probability 0.1–0.3
gc Convergence generation 2000

Table 4
The experiment design of different machining parameters.

Number fz (mm) ap (mm) N

1 0.1 0.1 6
2 0.12 0.15 8
3 0.14 0.2 10
4 0.16 0.12 8
5 0.18 0.17 10
6 0.2 0.22 6
7 0.22 0.08 10
8 0.24 0.12 6
9 0.26 0.18 8

Fig. 19. Experimental setup of milling force measurement.
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Fig. 20. The filtered milling force signal in the stable stage.
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model, so as to determine the optimal magnitudes of corresponding
clamping forces, which will be the load input for elasticity analysis. The
B12 engine block is made of gray cast iron HT250, and its material
properties are given by Table 6, which will be used in both elasticity
analysis and FEM simulation.

3.2. Optimized fixturing scheme verification

3.2.1. Initial fixturing scheme
Limited to the actual physical configuration of the B12 engine block,

the positions of locators and clamps are not arbitrary indeed, as men-
tioned in the second constrain of fixture layout design. For the primary
locating datum plane and its opposite plane, seven candidate positons

Table 5
Undetermined coefficients of static cutting force model with 400 rpm spindle
speed.

Coefficients Ax Ay Az Bx By Bz

Value 0.2413 0.3341 0.5113 6.5408 6.8744 7.1703

Table 6
Material properties of gray cast iron HT250.

Density Elastic modulus Poisson ratio

7200 kg/m3 140 GPa 0.27

Fig. 21. Candidate positions for locating and clamping on the primary locating datum plane and its opposite plane.

Fig. 22. Three views of the combined L-plates.
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are provided for locating (from L3-1 to L3-7) and clamping (from C3-1 to
C3-7) respectively (see Fig. 21). Three of the candidate locating positons
and three or four of the candidate clamping positons should be picked
out as a fixture layout.

The currently used fixturing scheme in actual production, termed as
the initial fixturing scheme, is designed mainly based on engineering
experience. The positions of L3-1, L3-3, L3-6, C3-1, C3-3, and C3-5 are ar-
ranged for locating and clamping respectively. And the initial magni-
tudes of clamping forces are given as 130 N, 210 N, and 235 N for C3-1,
C3-3, and C3-5 respectively.

A set of combined L-type plates (see Fig. 22) is designed to realize
the locating and clamping for the B12 engine block. There are two

Fig. 23. The initial fixturing scheme.

Fig. 24. The trend of the maximum fitness value with increasing iterations.

Fig. 25. The optimized fixturing scheme.

Fig. 26. Clamping force exertion by the torque wrench.

Table 7
Pre-tightening coefficient for different contact conditions of friction surfaces.

Kt Lubrication No lubrication

Finishing surface 0.01 0.012
Roughing surface 0.013–0.015 0.018–0.026
Oxidized surface 0.02 0.024
Galvanized surface 0.018 0.022
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vertical plates, one for clamping and the other one for locating. Several
holes with specific locations and sizes are drilled through both of the
two vertical plates, so that the bolts can be arranged to locate and exert
clamping forces on the corresponding positions of the engine block, and
the vertical plates can be combined with the horizontal base plates by
screws as well. The horizontal base plates are fixed on the worktable to
keep the combined L-type plates stable during fixturing and machining.

The assembly drawing generated by Unigraphics NX 10.0 and the
experimental setup of the initial fixturing scheme are shown as Fig. 23.

3.2.2. Optimized fixturing scheme
For a certain fixture layout, the optimal magnitudes of clamping

forces can be obtained by Eq. (4), based on the results of the milling
force measurement as given by Table 5. Taking the optimized clamping
forces as the load input, the fixturing induced deformation of Span
regions, Pier regions and Bridge regions can be calculated by Eq. (26),
Eq. (33) and Eq. (46) respectively. And then they are superposed to
form the analytical solution of total deformation induced by fixturing.
By solving the optimization model aimed at minimizing the maximum
fixturing induced deformation with GA, the optimal fixturing scheme is
obtained. The convergence of GA is shown in Fig. 24.

It can be seen that there is a staged increase in maximum fitness
within the generations from 1 to 1600. And eventually the stopping
criteria is satisfied due to the maximum fitness has been continuously
maintained at 196 for over 2000 generations, which means that the
iteration process has converged to the global optimal solution.

The theoretical optimal solution obtained from GA is to locate on
the positions of L3-2, L3-4 and L3-6, and to clamp on the positions of C3-2,
C3-4, and C3-6 with 145 N, 95 N, and 120 N respectively. And the max-
imum fixturing induced deformation of the top surface is 0.0172mm.
The assembly drawing and the experimental setup of the optimized
fixturing scheme are shown as Fig. 25.

To exert the clamping force with the exact magnitude, a torque
wrench (see Fig. 26) is used during fixturing, whose range is up to 200

Nm. The transform relationship between the pre-tightening torque gc
exerted on the bolts by the wrench and the clamping force Fc exerted on
the engine block by the bolts [58] can be formulated as

=M K F Dt t c b (49)

where Kt denotes the pre-tightening coefficient, varying with different
contact conditions of friction surfaces given in Table 7, while Db de-
notes the diameter of the bolt.

In this case, the bolt diameter Db is uniformly equals to 14mm and
Kt is set to 0.02. Therefore, the pre-tightening torques needed for the
initial fixturing scheme and the optimized fixturing scheme are given
by Table 8. Note that the rounding induced error is in an acceptable
range due to the minimum precision limit of the torque wrench.

3.2.3. Verification
3.2.3.1. Experimental verification. A machining experiment is
conducted to verify the effectiveness of the proposed approach. Face
milling operations are performed on two engine blocks within the
DMGeHSCe75 CNC machining center (see Fig. 27), using a disc milling
cutter with a diameter of 160mm and 8 cubic boron nitride (CBN)
teeth. The cutting speed is set to 64000mm/min, the depth of cut is set
to 0.15mm, and the feed rate is set to 320mm/min. Quaker 370 KLG
cutting fluid is used. The machining process is under closely supervised
conditions to ensure that no anomalous problems occur.

The LEITZ-PMM-XI coordinate measurement machine (CMM)
system (see Fig. 28) is used to measure the flatness of the top surface
after milling. For each engine block, 50 randomly selected points on the
top surface are measured by the CMM probe. The measured height of
the sampling points is shown in Fig. 29.

After coordinate transformation, the flatness of the milled top sur-
face is obtained by the least square method. With the initial fixturing
scheme, the flatness of the milled top surface is 0.0254mm, whereas
that with the optimized scheme is 0.0231mm. The calculation result
shows that the proposed approach has improved the flatness by nearly
9.1%.

The detail of comparison between the initial scheme and the opti-
mized scheme is given by Table 9. There are three evaluating in-
dicators, the maximum fixturing induced deformation, the flatness of
the machined surface and the computation cost. It can be seen that the
proposed approach can improve both the maximum fixturing induced
deformation and the quality of the machined surface. And the efficiency
of the proposed approach is validated because its computation cost is
acceptable.

3.2.3.2. Simulation verification. In order to further validate the
effectiveness of the proposed approach, the dynamic explicit FEM
[59] is employed to simulate the face milling process on the top
surface of the B12 engine block through the software ABAQUS/CAE

Table 8
Pre-tightening torque needed for different fixturing scheme (N·m).

Clamping position Initial fixturing scheme Optimized fixturing scheme

C3-1 36 0
C3-2 0 41
C3-3 59 0
C3-4 0 27
C3-5 66 0
C3-6 0 34
C3-6 0 0

Fig. 27. Machining process within the CNC machining center.

Fig. 28. Machined surface quality measurement by the CMM system.
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6.14–1. Main modules of the simulation are shown in Fig. 30.
In the mesh module, the three-dimensional solid element is used for

discretization. The total number of nodes is 1887415, while the total
number of elements is 4264337, consisting of 1168234 linear hexahe-
dral elements of type C3D8 and 3096103 linear tetrahedral elements of
type C3D4. High quality of the mesh ensures the convergence and ac-
curacy of the simulation. In the load module, boundary conditions and
clamping loads are exerted to the FEM model. All the input parameters
are set as the same as the real machining experiment. And in the in-
teraction module, the interaction properties, especially for the me-
chanical properties between the tool and the top surface of the engine
block are defined. Specifically, for the tangential behavior, the friction
formulation is set to Penalty, while for the normal behavior, the pres-
sure overclosure is set to Hard Contact.

The visualization results of the milled top surface of engine block
are shown as Fig. 31.

The only difference between these two simulation cases is the fix-
turing scheme. The displacement field nephogram can be extracted to
calculate the flatness of the milled top surface, and it is found that the

final quality of the machined surface is improved by around 11.2%
when the proposed fixturing scheme is implemented. The simulation
results are conformed to those of the real machining experiment, de-
monstrating the effectiveness of the proposed approach in surface
quality improvement.

4. Conclusion

This paper has developed a systematical approach for fixturing
scheme optimization of VSS workpieces for surface quality improve-
ment. The static cutting model is developed to calculate the minimum
magnitudes of clamping forces needed to maintain the static equili-
brium of the fixture-workpiece system during machining processes. The
core model of the proposed approach is derived based on elastic me-
chanics, instead of the commonly used FEM. By applying a novel di-
vision strategy, a typical VSS workpiece are divided into three types of
regions according to the geometric features. The analytical solutions of
deformation and stress fields of each kind of regions are given, which
are relatively straightforward and meaningful, comparing with the

Fig. 29. The measured height of the sampling points.

Table 9
Comparison between the conventional method and the proposed approach.

Evaluating indicators Initial scheme Optimized scheme Improved

Max. fixturing induced deformation 0.0201mm 0.0172mm 14.4%
Flatness of the machined surface 0.0254mm 0.0231mm 9.1%
Computation cost 0.1 h 0.5 h Acceptable

Fig. 30. Main modules of the dynamic explicit FEM.
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numerical ones. In addition, the analytical solutions make it possible to
solve the optimization model by an iterative algorithm efficiently. At
last, a case study of a four-cylinder B12 engine block is implemented to
verify the performance of the proposed approach. The theoretical op-
timal fixturing scheme has been compared with the initial one, de-
monstrating an improvement of the machined surface flatness by
around 9.1%.

The practical contribution of these models proposed by this paper
lies in providing an analytical approach to optimize the fixturing
scheme for face milling and other machining methods suitable for a 3-2-
1 locating principle. The optimization process is much more efficient
compared with the time-consuming FEM-based numerical methods,
which is a significant advantage for practical manufacturing. Besides,
the optimal fixturing scheme is quite effective to improve the final
quality of the machined surface.

For future work, there are three main aspects worthy of further
study. Firstly, the elasticity analysis model could be extended for other
VSS workpieces with more complex geometric features, which calls for
better mechanics knowledge and richer mathematical skills. Of note is

that the cost of algorithm development and the computation time
saving should be balanced. Secondly, in order to obtain a better phy-
sical insight of the fixture-workpiece system during machining process,
the analytical relationship between the clamping forces and the cutting
forces could be developed based on kinematics and dynamics. Thirdly,
the dynamic cutting force model and the chatter stability of the ma-
chining system could be investigated for further improvement of sur-
face quality. Since the cutting forces are directly loaded on the ma-
chined surface, the frequency and amplitude of vibrations will influence
the micro texture such as the waviness and roughness of the machined
surface.
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Appendix A

Derivation of Eq. (43):
Substituting Eq. (40) into Eq. (38), yields

= P
Er

2 cos
r (A.1)

= P
Er

2 cos
(A.2)

= 0r (A.3)

Substituting the above equations into Eq. (37), yields

=u
r

P
Er

2 cos
(A.4)

+ =v
r

u
r

P
Er

2 cos
(A.5)

+ =v
r

u
r

v
r

0 (A.6)

Equation Eq. (A.4) can be rewritten as

Fig. 31. Dynamic explicit FEM simulation of face milling with different fixturing schemes.
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= = +u dr P
E

r g2 ln cos ( )r (A.7)

whereg ( )is a function of variable θ.
Substituting Eq. (A.7) into Eq. (A.5), yields

= = + +v r u d P
E

P
E

r G f r( ) 2 sin 2 sin ln ( ) ( ) (A.8)

whereG ( )is the primitive ofg ( ), while f r( )is a function of variable r.
Substituting Eq. (A.7) and Eq. (A.8) into Eq. (A.6), it can be further derived that

+ + =P
E

g G f r rf r2(1 ) sin ( ) ( ) ( ) ( ) (A.9)

To keep Eq. (A.9) always valid, both side of this equation shall be 0.
By solving two ordinary differential equations, the general solutions to f r( )andg ( )are obtained respectively:

=f r C r( ) 1 (A.10)

= + +g P
E

C C( ) (1 ) sin sin cos2 3 (A.11)

whereC1, C2 andC3are undetermined constant coefficients.
Therefore, the displacement field can be represented as

= + +u P
E

r P
E

C C2 ln cos (1 ) sin sin cos2 3 (A.12)

= + + + +v P
E

r P
E

C C C r2 (ln )sin (1 ) (sin cos ) cos sin2 3 1 (A.13)

To calculate above three constant coefficients, considering the boundary conditions shown in Fig. 13, the horizontal displacement remains 0 for
all mass points on the X-axis.

= + ==v C C r 00 2 1 (A.14)

Thus = =C C 01 2 .
The vertical displacement of the mass points on the X-axis can be expressed as

= +=u P
E

r C2 ln0 3 (A.15)

For an elastic sheet loaded by a vertical concentrated force on its straight boundary, if the vertical extent is sufficiently long, the influence range
of the load will be limited. SincedBdenotes the minimum distance between the local coordinate origin and the point on X-axis whose vertical
displacement is 0, it can be derived that

= + == =u P
E

d C2 ln 0r d B0, 3B (A.16)

Thus =C dlnP
E B3

2 .
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